Abstract. We use catalytic variables to derive generating functions for the permutation classes Av(4123, 1324), Av(4123, 1243), and Av(4123, 1342). Each generating function is algebraic of degree two, and the growth rates of the classes are 4, 5, and α, respectively, where α ≈ 4.17035. As a consequence of our analysis, we see that a typical large permutation in Av(4123, 1324) is likely to also avoid 3124, and is even more likely to avoid 31524. Large permutations which avoid 4123 and 1243 are likely to also avoid 1423.
Introduction
In this paper, we analyze permutation classes which avoid two patterns of length four, which we refer to as two-by-four classes. There are 56 two-by-four classes up to symmetry, and some of these symmetry classes are in fact Wilf-equivalent. Restricting our analysis to Wilf-equivalence classes means there are 38 classes to consider (see [Le] , [Wik] ). Of the Wilfequivalence classes, 30 have been enumerated, and have been shown to have algebraic generating functions (see [AAB1] , [AAB2] , [AAV1] , [AAV2] , [Atk] , [ASV] , [Bev2] , [Bev3] , [Bo] , [Cal] , [K1] , [K2] , [KS] , [Pan] , [Vat1] ). This leaves eight two-by-four classes which have yet to be enumerated.
Albert et al. [AHPSV] argued that three of these eight unenumerated classes do not have differentially algebraic generating functions. The authors found functional equations that the generating functions must satisfy, and used these to enumerate the permutation classes for values of n into the hundreds. They then showed that if the functions are differentially algebraic, they must be of a very large degree, or involve derivatives of a high degree, which is unlikely based on the generating functions which have been already been found for two-by-four classes.
Here, we give explicit generating functions for three of the five remaining two-by-four classes, namely Av(4123, 1324) , Av(4123, 1243), and Av(4123, 1342) . Each of these functions is algebraic of degree two. The growth rates of the classes are 4, 5, and α, respectively, where the growth rate α is approximately equal to 4.17035.
Our enumeration relies heavily on multivariate generating functions. By analyzing the structure of our classes, and by choosing catalytic variables appropriately, we derive equations that our generating functions must satisfy. Then, by making use of the kernel method, we solve these equations explicitly, finding closed forms for the desired functions. The structure of our argument mirrors closely one used by Bevan [Bev2] to enumerate the class Av(4213, 2413).
Our main theorems are given here.
Theorem 1.1. Let P 1 (z) be the generating function for the permutation class Av(4123, 1324). Then we have P 1 (z) = 2 − 13z + 26z 2 − 17z 3 + 4z 4 − z(1 − 2z − z 2 ) √ 1 − 4z 2 √ 1 − 4z(1 − 3z + z 2 ) 2 .
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1 Theorem 1.2. Let P 2 (z) be the generating function for the permutation class Av(4123, 1243). Then we have P 2 (z) = 2 − 8z + 2z 2 + 17z 3 − 15z 4 + 4z 5 − (2 − 10z + 16z 2 − 9z 3 + 2z 4 ) √ 1 − 6z + 5z 2 2z(2 − z) 2 (1 − 2z)(1 − 3z + z 2 ) . Theorem 1.3. Let P 3 (z) be the generating function for the permutation class Av(4123, 1342). Then we have P 3 (z) = 1 + z(1 − z)(1 − 2z)(1 − 7z + 17z 2 − 16z 3 + 4z 4 + (1 − 3z + 3z 2 ) √ 1 − 4z) 2 − 22z + 96z 2 − 220z 3 + 282z 4 − 196z 5 + 64z 6 − 8z 7 .
In sections 2, 3, and 4, we discuss Av(4123, 1324), Av(4123, 1243) , and Av(4123, 1342), respectively, and prove Theorems 1.1, 1.2, and 1.3. We then make some final remarks and mention open problems, including the two remaining two-by-four classes.
For the remainder of the introduction, we introduce definitions and terminology we will need to explain our results. We assume some basic knowledge about pattern-avoidance and permutation classes, though the interested reader can see [Bev1] or [Vat2] for more a thorough discussion of the topic.
We analyze permutations by considering their Hasse diagrams, and source graphs, as described by Bevan [Bev3] . Each permutation can be decomposed into a series of source graphs in the following way: label the left-to-right minima in a permutation σ by m 1 , m 2 , . . . , m k . Then, for each i, the source graph corresponding to m i consists of m i , and all elements above m i which are not contained in m j for some j < i. These source graphs partition the vertices of σ.
We also use the term fan to refer to a source graph which is a 123-avoider. The term fan is appropriate, since if the elements are connected by edges if they form a 12, as in the Hasse diagram, then every edge is incident to the left-to-right minimum.
As we also consider the asymptotic behavior of the number of permutations in these classes, we require the following proposition from analytic combinatorics. Proposition 1.4. (Flajolet & Odlyzko [FO] ; see [FS] , Theorem VI.1) The coefficient of z n in λ(1 − zρ) α admits for large n the following asymptotic expansion:
. Proposition 1.4 enables us to determine the complete asymptotics of [z n ]f (z) by repeated application to successive terms of the Puiseux expansion for f(z) around its dominant singularity.
The permutation class Av(4123, 1324)
We first consider the permutation class Av(4123, 1324). We observe that there is a hierarchy of permutation classes within Av(4123, 1324), and enumerating the subclasses helps us enumerate the whole class. Concretely, Av(4123, 1324 , 3124, 1423 ) ⊂ Av(4123, 1324 , 1423 ) ⊂ Av(4123, 1324 ⊂ Av(4123, 1324) . (4123, 1324 , 3124, 1423 ) ⊂ Av(4123, 1324 , 3124) ⊂ Av(4123, 1324 . Av(4123, 1324 Av(4123, , 1423 Av (4123, 1324, 3124) Av ( This subclass structure is shown in Figure 1 .
Additionally,

Av
To enumerate these classes, we first state the following lemma.
Lemma 2.1. Let R(t, z) be the generating function for a set of permutations, where z measures the length, and t the number of allowable positions for a new left-to-right minimum to be inserted. Let C(t, z) be the generating function for all permutations which can be generated by taking a permutation in R, and adding a sequence of new source graphs which are fans, and whose non-minimum elements lie to the right of every previous element in the permutation. Then
is the root of 1 − t + t 2 z = 0.
This lemma helps us translate directly from bivariate generating functions to univariate generating functions, by substituting for t with the appropriate function of z. We also remark that the function t =
is the generating function for the Catalan numbers, and for Av(123). Bevan re-derives this well-known result in [Bev3] , and our argument is very similar to his.
Proof of Lemma 2.1. Every permutation counted by C is either in R, or is formed by a permutation in C by adding a new fan as a source graph. This yields the functional equation
The tz 1−tz factor represents the new source graph which is added, and the C(1,z)−C(t,z) 1−t factor represents the different allowable positions for the new minimum of the source graph to be placed.
Solving for C(t, z) gives us
makes the left side equal to 0, and for this value of t, the right side simplifies to −tzR(t, z) + tzC(1, z) .
Since the right side must also equal 0, we find that C(1, z) = R(t, z), where
2z is the generating function for the Catalan numbers, as desired.
Note that since t satisfies 1 − t + t 2 z = 0, we also get t 2 = t − 1 and 1 1−tz = t. We will use these alternate forms of expressing t to simplify generating functions later on.
2.1. The permutation class Av (4123, 1324, 3124, 1423) . We first consider the class which avoids the patterns 4123, 1324, 3124, and 1423. Bruner analyzes this class in [Br] , and shows that Av (4123, 1324, 3124, 1423 ) is enumerated by the central binomial coefficients. Phrased in terms of the generating function for the class, we have the following theorem.
Theorem 2.2. (Bruner, 2015) The generating function A(z) for Av (4123, 1324, 3124, 1423) has the form
Proof. Here, we describe an alternate way to obtain the enumeration. We use t to track the number of positions to the right of our current minimum where we are allowed to place a new minimum, as in [Bev2] . Our initial source graph has a leftmost element, plus an element of Av(213, 312) above it, since our permutation must avoid avoid 1324 and 1423. These initial source graphs are enumerated (see [SS] ) by
Now, when adding source graphs, avoiding 4123 means any subsequent source graph must be a fan. Since our permutations avoid 1423 and 1324, there are no occurrences of 213 or 312 to the right of our current minimum element. Therefore, placing the new root of a source graph will never create a 3124 or 4123, so the new root of a source graph can be placed anywhere to the right of our current minimum. Finally, since we avoid 3124, any non-root elements of our source graphs must be to the right of everything currently in the permutation.
Therefore, the hypotheses of Lemma 2.1 are satisfied, and we can substitute t =
. We find that the generating function for the class Av (4123, 1324, 3124, 1423 ) is
These coefficients of this generating function are the central binomial coefficients, but even without that knowledge, we can calculate the asymptotic behavior of the number of permutations of length n in this class, by using Proposition 1.4. Corollary 2.3. Asymptotically, |S n ∩ Av (4123, 1324, 3124, 1423) 
Proof. Expanding A(z) around its dominant singularity, ρ = 1 4 , yields
Proposition 1.4 then gives the desired result.
We remark that for this class, we could also have derived the asymptotic behavior directly from Stirling's formula. On the other hand, Proposition 1.4 is more broadly applicable, and is more effective when analyzing more complicated classes.
Two examples of permutations in Av (4123, 1324, 1423, 3124) are shown in Figure 2 . (4123, 1324, 3124) . The left permutation has τ 1 ∈ Av(21), τ 2 , τ 3 ∈ Av(12), ρ ∈ Av(4123, 213), and ρ and τ 2 nonempty, and has the shaded cells representing potential positions of new left-to-right minima. The right is a random permutation of length 60. Av(4123, 1324, 3124) . We now consider a larger subclass, namely, permutations which can now contain occurrences of 1423. The permutation class is Av (4123, 1324, 3124) , and we have the following result.
The permutation class
Theorem 2.4. Let B(z) be the generating function for Av (4123, 1324, 3124) . Then
Proof. We use the information from subsection 2.1, and enumerate the elements which are counted by B(z) but not A(z). These are permutations which contain a 1423. Let σ be a permutation counted by B but not A, so σ contains an occurrence of 1423. First, we argue that the leftmost element of σ, σ 1 , must be the 1 in an occurrence of 1423. Indeed, if σ 1 is above the 2 in the 1423 which occurs, then σ 1 either forms a 3124 or 4123 with the three smallest elements in the 1423, both of which are forbidden. Therefore, σ 1 must be below the 2 in the 1423 which occurs, so must in fact serve as the 1 in a 1423.
This observation implies that our initial source graph has a minimum, followed by an element of Av(4123, 213) which contains a 312. Requiring our initial source graph to contain a 312 now restricts which positions are available for new minima. Specifically, anything left of the 1 but to the right of the 3 is disallowed for a new root of a source graph, to avoid creation of a 4123.
In Figure 3 we display the typical structure of a permutation in Av(4123, 1324, 3124).
Since we want to track how many allowable insertion positions there are, we enumerate these initial source graphs by
After the 1, our other terms come from the leftmost element, an increasing sequence merged with a decreasing sequence (τ 1 and τ 3 ), the rightmost 1 in a 312, the elements which serve as twos corresponding to this 1, and a nonempty element of Av(4123, 213), each of which serves as a 3 in a 312.
Once we start adding new source graphs, we see that each subsequent source graph is again a fan, and all non-minimum elements must be to the right of the current permutation, since we are still avoiding 3124. Therefore, we can apply Lemma 2.1.
Applying Lemma 2.1 with the substitutions for t yields the generating function
Therefore, combining this information with A(z) gives us
and simplifying gives us the result.
As in Corollary 2.3, Proposition 1.4 helps us describe the asymptotic behavior of the size of our class.
Proof. Expanding B(z) around ρ = 1 4 , we get
and applying Proposition 1.4 gives the result.
The first few terms of the series expansion of B(z) are
Subsequent terms can be found at A277221 in the OEIS [Slo] .
2.3. The permutation class Av(4123, 1324, 31524). Next, we consider the permutation class Av (4123, 1324, 31524) . By avoiding 31524 while allowing 1423 and 3124, we have a larger class of permutations. As it turns out, this subclass contains asymptotically almost every permutation that avoids 1423 and 1324. We start with the following theorem.
Theorem 2.6. Let H(z) be the generating function representing the permutation class (4123, 1324, 31524) .
Av
Proof. We analyze the class by considering whether the permutations counted by H(z) additionally avoid 1423. First, Av(4123, 1324, 31524, 1423) = Av (4123, 1324, 1423) , since 31524 contains a 1423. Also, since the basis elements in {4123, 1324, 1423} can be obtained from those in the set {4123, 1324, 3124} by reversing, taking the inverse, and reversing each basis element again. Therefore, the subclass Av(4123, 1324, 1423) also has B(z) as its generating function.
To calculate H(z), it suffices to count permutations which do contain a 1423. We use H 1 (z) as the generating function which counts this permutations, so H = B + H 1 .
We first count permutations in H 1 which consist of one source graph, and we use C(t, z) to enumerate these. In the proof of Theorem 2.4, we saw that
We want to eventually apply Lemma 2.1, though we need to realize that occurrences of 3124 are now allowed. Our permutation avoids 4123, so any new source graph we add must still consist of a fan. Also, avoiding 1324 means that the third element of our fan must go to the right of every previous element, However, there is some flexibility on the positioning of our second element, though we can't have it form the 2 in an occurrence of 1423. This basically means that we can add source graphs where the first non-minimum elements of our fans are directly adjacent to the minimum, or where they are to the right of every previous element. If a second element is neither, it then forms the 2 in a 1324 or a 1423.
Incorporating these new source graphs which are minima and elements directly next to them is allowed as long as the elements do not form a 4123, meaning that they do not split any occurrence of 21 in the previous permutation. Also, since the previous permutation avoids 1324, this means that reading left-to-right, once an element is the 2 in a 21, the final element must be below this 2. In other words, the only allowable positions for placing a new minimum and adjacent element are to the left of the first occurrence of 21.
Therefore, we track how many elements are to the left of the first occurrence of 21, with the variable r, and we track how many other elements do not form the 3 in a 312, with the variable t. Our initial source graphs have the generating function
They have an initial element, an initial increasing sequence counted by powers of r, a nonempty member of Av(4123, 213) where each element serves as the 3 in a 312 (not counted by powers of r or u), a 12 below and to the right of all these threes, with potentially multiple elements serving as the 2, and then potentially an interacting decreasing sequence below and to the right of the 312, and an increasing sequence below and to the left of the elements we have just added. If these elements are here, the decreasing sequence must be nonempty, since otherwise our elements would be part of the initial increasing sequence. Simplifying, we get
.
After a sequence of source graphs completely contained among the elements counted by powers of r, our final source graph is either a single vertex, or a source graph of size 2, with a potentially empty sequence of new minima in between these elements. We use D(r, t, z) and E(r, t, z) to denote these two separate cases.
In Figure 4 we see three permutations, counted by C, D, and E, respectively. The shaded areas represent possible positions for new minima to be placed, while keeping the permutation in D, or E. The best way to view D and E is to think of them as inflations of 213. Formally, elements in D ∪ E have the form 213[σ, ρ, τ ] , where σ is nonempty in Av(4123, 132), and τ is in Av(4123, 213), so is enumerated by C z . We use C z because σ now plays the role of the minimum in the permutations enumerated by C. The difference between D and E comes from ρ. For D, ρ is a single element, while for E, ρ is a fan of size at least two.
These observations give us the generating functions D and E, namely
We consider D and E separately, since we need to track how many ways we can then take these initial permutations and create permutations which can be counted by Lemma 2.1.
A permutation in Av(4123, 1324, 31524) which contains a 1423, either is counted by C, D, or E, or can be formed by starting with a permutation counted by C, D, or E and then adding a sequence of source graphs (fans) which preclude the permutation from being counted by D or E. We can count these extra permutations, if we initialize R correctly in Lemma 2.1.
One subset of permutations counted by H 1 (z) is those which either consist of C, D, or E, or which start with a permutation counted by C, D, or E, and which then have a nonempty sequence of source graphs added, whose roots are all in positions corresponding to powers of t. If we refer to these permutations as being counted by F (t, z), then applying Lemma 2.1 with
gives us
The only permutations counted by H 1 (z) which are not counted by F are those which are initially in D ∪ E, and which no longer remain in D ∪ E after the addition of one or more non-minimal element to the most recent source graph, which is all the way to the right of the current permutation. We use G(t, z) to count this set, and separate G into G D + G E based on where our initial permutation is.
In terms of generating functions, from D, we get From E, we get
Note that we get a second power of t in E. This is because E ends with a source graph of size two normally. We want to include the position between our minimum and second element as an allowable position for the root of a new source graph.
Using G D + G E as R in Lemma 2.1, we obtain
where again t is the Catalan generating function. Finally, calculating
substituting with
and simplifying, gives us the desired result.
By using Proposition 1.4, we can describe the asymptotic behavior of the number of permutations in Av(4123, 1324, 31524).
Corollary 2.7. Asymptotically,
Proof. The series expansion of H(z) around z = 1 4 gives us
By applying Proposition 1.4 to these terms, we get the result.
The first few terms of the enumeration of Av(4123, 1324, 31524) are given by H(z) = 1 + z + 2z 2 + 6z 3 + 22z 4 + 86z 5 + 343z 6 + 1374z 7 + 5497z 8 + 21926z 9 + 87176z 10 + . . .
Subsequent terms can be found at A277222 in the OEIS [Slo] .
An example of a permutation enumerated by H is shown in Figure 5 . Proof of Theorem 1.1. First, since we have H(z) already, we can restrict our attention to permutations in the class Av(4123, 1324) which contain an occurrence of 31524. Suppose σ is a such a permutation with an occurrence of 31524. Observe that the elements which form the 4 must all be decreasing, since otherwise they would be part of occurrences of 4123. We refer to these elements as ρ 1 . Elements which form the 3 must be in Av(132, 4123), and elements which form the 5 must be in Av(4123,213). We refer to them as σ 1 and σ 2 , respectively. Observe that the elements left of the 1 are all vertically between the 2 and ρ 1 , since having an element above ρ 1 forms a 4123, and having one below the 2 forms a 1324.
The one possibility for additional elements which are not new minima is to the right of everything, below the 2. These elements must be decreasing, and we refer to them as ρ 2 . Also, there can only be one element serving as the 2, since an increase would imply a 4123, and a decrease would imply a 1324.
The structure of permutations counted by I(z) is displayed in Figure 6 , as well as a sample permutation in Av(4123,1324) which contains a 31524.
We generate these permutations using Lemma 2.1. Our initial class is
The first term comes from σ 1 and σ 2 , the second from ρ 1 , the third from our 2 element and our initial minimum, and the fourth from the possibly empty ρ 2 .
Simplifying, and substituting with t =
, our generating function is
Finally, calculating P 1 (z) = H(z) + I(z) and simplifying gives us the desired expression for P 1 (z).
By using Proposition 1.4, we can describe the asymptotic behavior of the number of permutations in Av(4123, 1324).
Corollary 2.8. Asymptotically,
Corollary 2.9. Let σ n be a random permutation chosen uniformly from S n ∩ Av(4123, 1324). Let p n be the probability that σ n avoids 31524. Then
Additionally, the probability that σ n avoids 3124 approaches 5 8 , and the probability that σ n avoids both 1423 and 3124 approaches 25 64 .
Proof of Corollaries 2.8 and 2.9. The series expansion of P 1 (z) around z = 1 4 is
Applying Proposition 1.4 to P 1 (z) to the terms of this expansion, and comparing the results to Corollaries 2.3, 2.5, and 2.7 completes the proof.
The first few terms of the enumeration of Av(4123, 1324) are given by P 1 (z) = 1 + z + 2z 2 + 6z 3 + 22z 4 + 87z 5 + 352z 6 + 1428z 7 + 5768z 8 + 23156z 9 + 92416z 10 + . . . [Slo] .
Subsequent terms can be found at A165532 in the OEIS
The Permutation Class Av(4123, 1243)
We now turn our attention to the class Av(4123, 1243). As with our previous class, we first enumerate a large subclass, and then enumerate the rest of the permutations.
3.1. The permutation class Av(4123, 1243, 1423). We start by enumerating the subclass Av(4123, 1243, 1423). Our result is the following theorem.
Theorem 3.1. Let J (z) be the generating function for the class Av(4123, 1243, 1423). Then
We mention that several other three-by-four classes are Wilf-equivalent to this one (see [Bev2] , [BB] , [BHV] , [CMS] ). Before proving the theorem, we first give a lemma that describes the structure of our class. Proof. First, if σ ∈ G, then σ can contain no occurrence of 4123, 1423, or 1243, since for each pattern, the largest two elements form a 21, while the bottom three form a 123. This shows that G ⊂ Av (4123, 1243, 1423) .
To show the other containment, let σ ∈ Av(4123, 1243, 1423), and let r be the largest integer which is the 1 in an occurrence of 21. In other words, the elements from r + 1 to n avoid the pattern 21. We claim that with these n−r elements in the top cell, and the remaining r elements in the bottom cell, σ ∈ G. Clearly, the top cell is an element in Av(21). Suppose for contradiction that the bottom cell contains an occurrence of 123, with σ i , σ j , σ k . These three elements along with r + 1 must form a 1234, since r + 1 is the largest, and the other three possible patterns are forbidden. But then the elements σ i , σ j , r + 1, and r form a 1243, a contradiction. Therefore Av(4123, 1243, 1423) = G. (21), and their elements can be mixed horizontally, though the leftmost element must come from ρ 1 .
3.2. Proof of Theorem 3.1. With the help of Lemma 3.2, we are ready to prove the theorem.
Proof. Lemma 3.2 allows us to describe permutations in Av(4123, 1243, 1423) uniquely by a sequence of operations which are slightly different from adding source graphs. We call them source flags. When adding a new source flag to a permutation, we add a new minimum, a decreasing sequence below and to the right of our previous permutation, which is mixed with a new increasing sequence, above and to the right of our previous permutation.
We display the operation of adding a source flag in Figure 7 . Observe that adding a new source flag to a permutation in Av(4123, 1243, 1423) will keep us in Av(4123, 1243, 1423). The new elements below the previous permutation form a fan, so the bottom of the new permutation is still a 123-avoider. The new elements above the previous permutation still avoid 21, so we remain in the grid class G.
To enumerate permutations which can be created by adding source flags, we must track the number of allowable positions for new minima, which we do with a variable v. We consider the generating function J (v, z) where z tracks the length of our permutation, and v tracks the number of positions to the right of our current minimum.
Then J satisfies the functional equation
Solving for J (v, z), we get
Choosing v to cancel out the kernel on the left side, and solving for J (1, z), we find that
as desired.
We can also use the generating function J (1, z) to compute the asymptotic behavior of the number of permutations in Av(4123, 1243, 1423) of length n. Bevan includes these calculations in Corollary 6 of [Bev2] , and we include the result here for reference. The first few terms of the series expansion of J (1, z) are 1 + z + 2z 2 + 6z 3 + 21z 4 + 79z 5 + 311z 6 + 1265z 7 + 5275z 8 + 22431z 9 + 96900z 10 + . . . Subsequent terms can be found at A033321 in the OEIS [Slo] .
3.3. The class Av(4123, 1243). We are now ready to enumerate the whole class.
Proof of Theorem 1.2. Using the information about J (1, z), it suffices to enumerate permutations which contain at least one occurrence of 1423, but avoid 4123 and 1243. We construct such permutations σ in a systematic way. Let K(v, z) be the generating function for such permutations, where n tracks length and v tracks the number of allowable positions for a new left-to-right minimum to be placed. Permutations counted by K each contain at least one occurrence of 1423. Consider the rightmost 3 in a 1423, and the rightmost 2 corresponding to such a 1423. Suppose there is just one such element which serves as the 1 in such a 1423, and it is the smallest element of our permutation. Let K 1 be the generating function for these permutations. We can describe permutations counted by K 1 as consisting of a rightmost 3 in a 1423, a lowest 2 in a 1423 involving the rightmost 3, the single minimum 1 in a 1423 involving this 2 and 3, and a nonempty permutation in Av(132, 1423) which plays the role of the 4, plus potentially more elements. There can only be one such 3, since a decrease where the 3 is would form a 1243, and an increase where the 3 is would form a 4123. There is room for a sequence of elements which are vertically between the 3 and the 2, and which are either left of our minimum, or vertically between our minimum and our 4. Also, there can be elements to the right of our 3, though they must either be increasing above everything, or decreasing between our 2 and our 1.
The structure of permutations counted by K 1 is exhibited in Figure 8 . Combining all the elements of K 1 (v, z), we get the generating function
We now can add new source flags to elements of K 1 (v, z), to create new permutations counted by K. First, consider a source flag whose minimum is directly next to the previous minimum, so still a 1 in our original rightmost 1423. Adding a source flag of this type is equivalent to multiplying our generating function by a term of the form
Adding a sequence of these source flags results in the generating function
Observe that we divide by v since we don't want to count the position directly next to our current minimum as an allowable position for a new minimum any more.
Finally, we can take permutations counted by K 2 (v, z) and add source flags whose minima are not part of any occurrences of 1423. Every permutation in K is either in K 2 , or it can be obtained from an element of K 2 by a sequence of source flags. This gives us the functional equation
Solving for K(1, z), and simplifying, we get
Finally, calculating P 2 (z) by adding K(1, z) and J (1, z) completes the proof of Theorem 1.2.
An example of a permutation in Av(4123, 1243) of size 60 is displayed in Figure 9 . We can also use the generating function P 2 (z) to compute the asymptotic behavior of the number of permutations in Av(4123, 1243) of length n. Proof. The proof follows from computing the Puiseux expansion for P 2 (z) around the dominant singularity ρ = 1 5 , and applying Proposition 1.4. Then, using Corollary 3.3, we see that as n gets large, the ratio of permutations in the class Av(4123, 1243) which also avoid 1423 behaves like as desired.
In conclusion, most permutations in Av(4123, 1243) also avoid 1423, though there is a nonzero proportion which contain 1423.
The first few terms of the series expansion of P 2 (z) are 1 + z + 2z 2 + 6z 3 + 22z 4 + 88z 5 + 365z 6 + 1540z 7 + 6568z 8 + 28269z 9 + 122752z 10 + . . . Subsequent terms can be found at A165536 in the OEIS [Slo] . Av(4123, 1342) 4.1. Main result and structure of Av(4123, 1342). We now turn our attention to a third two-by-four class, the permutation class Av(4123, 1342). Before proving Theorem 1.3, we first consider the structure of permutations in our class. We can construct permutations in this class in a unique way by a sequence of operations which are either: add a new maximal sumcomponent, add a new maximal skew-component, or add elements on the right which form the mix of a skew-component and a sum-component. This is exhibited in Figure 10 . Let L(z) be the generating function for new nonempty skew-components, let M(z) be the generating function for new nonempty sum-components, and let N (z) be the generating functions for new nonempty minimal components which have elements both above and below the current permutation. By minimal, we mean that these components cannot be decomposed further into skew-components, sum-components, or smaller elements counted by N . We refer to components counted by N as mixes.
The Permutation Class
By our requirement that elements counted by L and M be maximal, we get the following lemma.
Lemma 4.1. The generating function P 3 (z) has the form
. Figure 11 . A permutation in Av(4123,1342) created by adding a sumcomponent of (1), a skew-component of (12), a mix of (2413), and a mix of (3142).
Proof. We can describe the nonempty permutations in P 3 (z) by a sequence of operations which either correspond to L, M, or N . Since L and M correspond to maximal skew-and sumcomponents, our sequence cannot have two consecutive L operations or two consecutive M operations. In other words, each nonempty permutation in Av(4123,1342) corresponds to a finite word with letters in {L, M, N }, with no consecutive occurrences of L or M, where each letter in fact represents a monomial corresponding to a permutation from its class. Therefore, we can describe our sequence of operations as a potentially empty alternating sequence from {L, M}, followed by a sequence of expressions which look like a mix (counted by N ), followed by a potentially empty alternating sequence from {L, M}.
A potentially empty alternating sequence from {L, M} has the form
Since we instead have a sequence of such expressions combined with a mix, we get the desired form for P 3 (z).
Example 4.2. For example, the permutation σ = (6, 7, 4, 5, 9, 3, 8, 1, 10, 2) corresponds to the word w = MLN N , with permutations (1), (12), (2413), (3142). This permutation is shown in Figure 11 .
Note, to label an element in N , we need to know how the elements in the mix are arranged, and also how many of them are above σ. This means if we are adding k elements, labeling them with a permutation of length k + 1 is necessary. Now, it suffices to calculate L, M, and N . Clearly,
where t is the Catalan generating function, since new skew-components will need to avoid 123. Note that we need t − 1 rather than t, since we want nonempty elements in Av(123). Similarly, new sum-components will need to be non-empty elements of Av(4123, 231) . This class was enumerated by West [West] , and the generating function M(z) has the expression M(z) = z − 2z 2 + 2z 3 1 − 4z + 5z 2 − 3z 3 . The mixes counted by N are more complicated and involve several cases. The following theorem gives our result.
Theorem 4.3. The generating function for mixes is given by Figure 12 . Mixes counted by N 1 , N 2 , N 3 , N 4 , respectively. In the first and third permutations, the shaded cells must be empty. where t is the generating function for the Catalan numbers,
Observe that z 3 divides N , implying that any mix that we add must have at least three elements. This makes sense, since adding only one or two elements would be instead counted by L, M, or both. We want to ensure that any mix cannot be decomposed into smaller components or mixes.
Before proving Theorem 4.3, we first describe the different ways a mix could be added to a permutation in Av(4123, 1342) . When adding a mix τ to a permutation σ ∈ Av(4123, 1342), we refer to σ as the core, and elements of the mix as τ 1 , τ 2 , . . .. We count mixes based on four cases. Case 1 consists of mixes with τ 1 below the core, and τ 1 not serving as the 1 in a 31524. Case 2 consists of mixes with τ 1 below the core, and τ 1 serving as the 1 in a 31524. Case 3 consists of mixes with τ 1 above the core, and τ 1 not serving as the 5 in a 25314. Case 4 consists of mixes with τ 1 above the core, and τ 1 serving as the 5 in a 25314. We use N 1 , N 2 , N 3 , and N 4 as the generating functions for permutations counted by these four cases. In Figure 12 , we see the minimal examples of mixes in each of the four cases.
We now describe the enumeration of each of the four cases in the following lemmas.
Lemma 4.4. The generating function N 1 is equal to
where t is the generating function for the Catalan numbers.
Proof. When adding a mix counted by N 1 , we must have τ 1 below the core. Also, τ 1 must be lower than some later element τ 3 which is also below the core, since otherwise τ 1 itself would be counted as a skew-component. Finally, these two elements must be split by some element above the core, τ 2 , since otherwise τ 1 and τ 3 together would form a skew-component. Observe that elements which serve as τ 2 and τ 3 both must avoid 12, since otherwise a 1342 or a 4123 would occur. Other elements which are not in τ 2 or τ 3 could be above the core and to the right of τ 3 , though these belong in a mix counted by N 2 . Since we are avoiding 4123 still, now we are in the situation where we can apply Lemma 2.1. Here, every position to the right of our current minimum is available for the placement of a new minimum, except for the extreme lower right position. The reason we do not count the extreme lower right as an allowable position for a new minimum, is that a minimum there would be part of a skewcomponent instead of a mix. Therefore, our power of t is one less than it was in our analysis of Av(4123, 1324). Because of this, our R for application of Lemma 2.1 is
as desired. Now, we consider the second case; mixes which have τ 1 below the core, and serving as the 1 in an occurrence of 31524. These mixes are counted by N 2 .
Lemma 4.5. The generating function N 2 is equal to
Our initial picture is the same as N 1 , except now we have a fourth element, τ 4 , acting as the 4 in a 31524 with τ 1 as the 1. Elements which are in the position of τ 4 must again avoid 12, since otherwise a 4123 would be formed. There is also a possibility of having a decreasing sequence, denoted by ρ, between the core and τ 4 vertically, and between τ 2 and τ 3 horizontally. The structure is shown in Figure 14 .
We want to apply Lemma 2.1 to count these mixes, though we need to be sure that the elements which are not minima are able to be added to the right of the τ 4 block. Because τ 3 is below and to the left of τ 4 , we cannot add a new source graph of size more than 1 unless the minimum element is to the right of τ 3 .
Before we add such a source graph, we note that with the minimum directly to the right of τ 1 , and any additional elements between τ 3 and τ 4 . We can add layers of this form indefinitely, though they do not create any additional spaces for new minima.
Therefore, our generating function R before we apply Lemma 2.1 is Figure 15 . Structure of a mix in N 3 , with τ 1 , τ 3 , and ρ in Av(12), with ρ the only possible empty one.
with the terms coming from τ 1 , τ 2 , ρ, τ 3 , τ 4 , and a potentially empty sequence of source graphs with minima directly to the right of τ 1 . Combining, we get
Applying Lemma 2.1, we see that
(1−z) 2 (1−2z) , as desired. We now consider mixes with τ 1 above the core, not serving as the 5 in an occurrence of 25314. These are counted by N 3 (z), which is described in the following lemma.
Lemma 4.6. The generating function N 3 (z) is given by
where t is the Catalan generating function.
Proof. In order for τ 1 not to be part of a sum-component, there must be some element τ 2 below the core to the right of τ 1 , and some element τ 3 above the core but below τ 1 . This gives us the initial structure of a core counted by N 3 , as seen in Figure 15 . Observe that the elements in τ 1 form a permutation in Av(12) since otherwise a 1342 is created. Similarly, τ 3 must be in Av(12), since otherwise a 4123 is created. The space to the right of τ 3 and above τ 2 could potentially contain a decreasing sequence, denoted by ρ.
After this initial structure, we can add new source graphs, with any position to the right of τ 2 an option for new minima. Therefore, we can apply Lemma 2.1 with R(t, z) equal to
with the terms corresponding to τ 1 , τ 2 , τ 3 , and ρ, respectively. Lemma 2.1 then gives us the result. Finally, we consider mixes counted by N 4 , with τ 1 above the core, and τ 1 serving as the 5 in a 25314. The following lemma describes the enumeration of N 4 .
Lemma 4.7. The generating function N 4 (z) is given by
(1 − z) 3 , where t is the Catalan generating function.
Proof. We count the relevant mixes by starting with the 25314 which we know must occur. Figure 16 shows the structure of a mix counted by N 4 .
The structure is very similar to N 3 , though we now have at least one element, denoted by π, serving as the 3 in a 25314, with τ 1 as the 5. Here π must be nonempty, and must avoid 12. Figure 16 . The structure of a mix in N 4 , where τ 1 , π, τ 3 , ρ 1 , ρ 2 ∈ Av(12), with ρ 1 , ρ 2 possibly empty.
Translating into generating functions, and applying Lemma 2.1, we get
where our terms come from τ 1 , π, ρ 1 , τ 2 , τ 3 , and ρ 2 , respectively, and t is the Catalan generating function. This completes the proof.
We are ready to prove Theorem 4.3.
Proof of Theorem 4.3. Since every mix comes from either N 1 , N 2 , N 3 , or N 4 , we have N (z) = N 1 (z) + N 2 (z) + N 3 (z) + N 4 (z) .
Applying Lemmas 4.4, 4.5, 4.6, and 4.7 and simplifying give us the desired expression for N (z), completing the proof of Theorem 4.3.
We are finally ready to prove Theorem 1.3.
Proof of Theorem 1.3. Using Lemma 4.1, and plugging in for L, M, and N , we find that P 3 (z) = z(1 − z)(1 − 2z) √ 1 − 4z(1 − 3z + 3z 2 ) + 1 − 7z + 17z 2 − 16z 3 + 4z 4 2 − 22z + 96z 2 − 220z 3 + 282z 4 − 196z 5 + 64z 6 − 8z 7 , as desired.
Analyzing the asymptotics for Av(4123, 1342) is more difficult than our previous classes, since the denominator has an irrational root smaller than ρ = The first few terms of the series expansion of P 3 (z) are 1 + z + 2z 2 + 6z 3 + 22z 4 + 87z 5 + 352z 6 + 1434z 7 + 5861z 8 + 24019z 9 + 98677z 10 + . . . Subsequent terms can be found at A165533 in the OEIS [Slo] . It would be interesting to analyze the applicability of enumerating permutation classes through generating their elements by adding a sequence of source graphs. More generally, enumerating permutations by generating them through some sequence of well-defined operations which do not consist of simply adding minima one at a time. For Av(4123, 1342), generating permutations through adding sum-components, skew-components, and mixes allowed us to find generating functions. For Av(4123, 1243), decomposing permutations based on source flags rather than source graphs was fruitful. However, all the classes discussed in this paper avoided 4123, meaning that adding a new left-to-right minimum required the source graph to be a fan. This is a strict condition, which definitely does not apply to most permutation classes. For classes where the basis elements do not start or end with their largest elements, the techniques we use will need to be adjusted. For example, when applying these methods to Av(1324), we see that our initial source graphs are 213-avoiders. This is a good start, though keeping track of ways subsequent source graphs can be added appears to be much more difficult.
5.2. The results of this paper leave only five two-by-four classes unenumerated, three of which do not appear to have algebraic generating functions (see [AHPSV] ). The remaining two classes are Av(3412, 4123) and Av(3412, 2413). At first glance, the class Av(3412, 4123) is not as amenable to the methods we have used, since the initial source graph can be any permutation in the whole class, rather than being restricted to a subclass. We plan to investigate these classes further.
5.3. In [Bev2] , David Bevan posed the question of calculating when the ratio of elements in a class Av(B) which avoid another pattern β approaches a nonzero value, as n → ∞. We have not answered this question, though we have found more instances of when this situation occurs.
In Corollary 2.9 we saw that as n gets larger, the ratio of permutations in Av(4123, 1324) of length n which also avoid 31524 is asymptotically equal to 1 − 45 64n . The fact that this ratio tends to 1 appears to rely heavily on the structure of permutations in Av(4123, 1324). The class Av(4123, 1324) has a large subclass which avoids both 1423 and 3124, and both these patterns are contained in 31524 (see Figure 17) . Therefore, if a permutation contains an occurrence of 31524, then it must also contain both 1423 and 3124, so cannot be in the large subclass.
